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Abstract: Inspired by general relativity, we establish a theory for long-range potential
scattering. In scattering theory, there is a general theory for short-range potential scatter-
ing, but there is no general theory for long-range potential scattering. This is because the
scattering boundary conditions for all short-range potentials are the same, but for different
long-range potentials are different. In this paper, by introducing tortoise coordinates, we
convert long-range potential scattering to short-range potential scattering. Once long-range
potentials are converted to short-range potentials, a general theory for long-range potential
scattering can be then established. Especially, an explicit expression of the scattering wave
function for long-range potential scattering is presented, in which the scattering wave func-
tion is represented by the tortoise coordinate and the scattering phase shift. We show that
the long-range potential scattering wave function is just the short-range potential scatter-
ing wave function with a replacement of a common coordinate by a tortoise coordinates.
It should be emphasized that such a general treatment not only applies to scattering but
also applies to potentials possessing only bound states. Furthermore, in terms of tortoise
coordinates, we suggest a classification scheme for potentials. Finally, an interesting result
found in the paper is that there exists a duality relation between the tortoise coordinates
of different potentials.
1daiwusheng@tju.edu.cn.
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1 Introduction
Scattering theory is an important issue in both physics and mathematics [1–3]. For short-
range potential scattering, a general theory has been established. For long-range potential
scattering, however, there is no general treatment. The reason why it is more difficult
to establish a general theory for long-range potential scattering than that for short-range
potential scattering is that the scattering boundary conditions for all short-range poten-
tial scatterings are the same, but for different long-range potentials are different. In this
paper, inspired by general relativity, we suggest a general theory for long-range potential
scattering by introducing tortoise coordinates. The tortoise coordinate allows us to convert
a long-range potential to a short-range potential. Then a general treatment for long-range
potentials can also be established similar to that of short-range potentials.
Potential scattering. The scattering boundary condition is determined by the large-
distance asymptotic solution of the radial equation
d2ul (r)
dr2
+
[
k2 − l (l + 1)
r2
− V (r)
]
ul (r) = 0. (1.1)
For short-range potentials, the large-distance asymptotic behavior is dominated by the
centrifugal potential l(l+1)
r2
and the large-distance asymptotics of the radial equation (1.1)
is
d2ul (r)
dr2
+
[
k2 − l (l + 1)
r2
]
ul (r)
r→∞∼ 0. (1.2)
This asymptotic equation is independent of the potential V (r). Consequently, the scattering
boundary conditions for all short-range potentials are the same and short-range potential
scattering can be treated uniformly [4].
For long-range potentials, however, the large-distance asymptotic behavior is domi-
nated by the potential V (r) and the large-distance asymptotics of the radial equation (1.1)
is
d2ul (r)
dr2
+
(
k2 − V (r))ul (r) r→∞∼ 0. (1.3)
This asymptotic equation depends on the potential V (r). Consequently, the scattering
boundary condition depends on the potential and in general different potentials lead to
different scattering boundary conditions. This is just the reason why it is difficult to obtain
a uniform scattering boundary condition for long-range potential scattering.
Tortoise coordinates. Inspect a result in general relativity: in the Schwarzschild space-
time, the tortoise coordinate can convert the large-distance asymptotic equation of a long-
range potential to that of a short-range potential.
The Schwarzschild spacetime is described by the metric ds2 = −f (r) dt2 + 1f(r)dr2 +
r2dΩ2 with f (r) = 1− 2Mr . The radial Klein-Gordon equation in the Schwarzschild space-
time is(
1− 2M
r
)
d
dr
(
1− 2M
r
)
dul (r)
dr
+
{
ω2 −
(
1− 2M
r
)[
l (l + 1)
r2
+
2M
r3
]}
ul (r) = 0.
(1.4)
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The large-distance asymptotics of the radial Klein-Gordon equation is
d2ul (r)
dr2
+
(
ω2 +
4Mω2
r
)
ul (r)
r→∞∼ 0. (1.5)
This is a radial equation with a long-range potential 4Mω
2
r .
By introducing the tortoise coordinate r∗ =
∫ r 1
f(r)dr = r+2M ln (r − 2M), the radial-
time part of the Schwarzschild spacetime becomes conformally flat, ds2 = f (r)
(−dt2 + dr2∗)+
r2dΩ2, and the large-distance asymptotics of the radial Klein-Gordon equation (1.4) under
the tortoise coordinate becomes
d2ul (r∗)
dr2∗
+
[
ω2 − l (l + 1)
r2
]
ul (r∗)
r→∞∼ 0. (1.6)
This is just the analogue of the large-distance asymptotic equation of short-range potential
scattering, Eq. (1.2).
In a word, in the Schwarzschild spacetime the tortoise coordinate converts the long-
range potential scattering to short-range potential scattering.
Inspiration. In general relativity, as shown above, the tortoise coordinate converts
a long-range potential to a short-range potential. This inspires us to introduce tortoise
coordinates to convert a long-range potential to a short-range potential in the scattering
problem. Once a long-range potential is converted to a short-range potential, similar to the
treatment for short-range potential scattering, we can also establish a general theory for
long-range potential scattering.
In this paper, we establish a general theory for potential scattering by introducing the
tortoise coordinate which converts a long-range potential to a short-range potential. Under
the tortoise coordinate, the large-distance asymptotic behaviors of all long-range potential
scattering are the same. Recalling that the reason why one can establish a general theory
for short-range potential scattering is that the large-distance asymptotic behaviors of all
short-range potentials are the same, we, in virtue of the tortoise coordinate, can establish
a general treatment for long-range potential scattering.
Functions can be classified in terms of their asymptotics [5]. Wave equations with dif-
ferent long-range potentials have different asymptotic wave functions, which allows us to
classify long-range potentials by the corresponding asymptotic wave function. Concretely, in
the classification scheme suggested in the present paper, a long-range potential is converted
to a short-range potential by the tortoise coordinate which is determined by the potential.
Different long-range potentials correspond to different tortoise coordinates, so the classifi-
cation of tortoise coordinates classifies the potentials. Especially, a short-range potential
under the tortoise coordinate is just the short-range potential itself and the asymptotic
wave functions for all short-range potentials are the same, so in this classification scheme,
all short-range potentials are classified into one type.
An interesting duality relation is found in the present paper. The Newton duality is an
underlying relation among mechanical systems [6–9]. In this paper, we find that there exist
duality relations in tortoise coordinates and in asymptotic wave functions. Concretely, if
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two potentials are Newtonianly dual to each other, their tortoise coordinates are related by
the duality relations.
It is worthy to note here that the result obtained in the present paper not only applies
to scattering but also applies to potentials which possesses only bound states.
Long-range potential scattering is an important subject in the scattering theory [10].
There are many studies on long-range potential scattering, such as the asymptotic com-
pleteness of modified wave operators [11], the low-energy expansion of the phase shift [12],
the expansion of the scattering phase shift at k = 0 [13], the low-energy expansion of
the partial-wave Jost function [14], the low-energy scattering theory [15], the scattering
length and the effective range [16], the late-time dynamics of the wave equation [17], the
Schrödinger operator with long-range electrostatic and magnetic potentials [18], the spectral
properties of the corresponding long-range potential scattering matrix of the Schrödinger
operator [19], the Gell-Mann-Goldberger formula for long-range potentials [20], and the
classical long-range potential scattering [21]. In Ref. [22], the author studies the long-range
potential scattering by proposing a certain weakening of the standard criterion. There are
also studies on scattering including both long-range and short range potentials, such as
the quasi-classical limit of quantum mechanical scattering for short-range potentials and
long-range potentials [23, 24], the short-range and long-range quantum mechanical scatter-
ing [25, 26], and the low-energy scattering by a potential consisting of a long-range part
and a short-range part [27, 28]. For short-range potential scattering, a rigorous treatment
without the large-distance asymptotics approximation is proposed [4, 29].
The tortoise coordinate is first introduced in general relativity and is widely used in
black hole physics [30]. For the Schwarzschild spacetime, the Eddington–Finkelstein coor-
dinate is established on the tortoise coordinate which is convenient to describe the ingoing
and outgoing waves [30, 31]. In Ref. [32], in order to study the Hawking radiation in anti–de
Sitter space, the authors introduce the generalized tortoise coordinate for the AdS black
hole. In Ref. [33], by using the tortoise coordinate, the radial wave equation in gravitational
backgrounds of a constant negative curvature is simplified.
In section 2, we introduce tortoise coordinates to convert long-range potentials to short-
range potentials. In section 3, we suggest a classification scheme for potentials in terms
of the tortoise coordinate. In section 4, we provide a uniform expression for long-range
potential scattering. In section 5, we give an alternative expression of tortoise coordinates.
In section 6, we discuss the Newton duality between tortoise coordinates. Some examples
are given in sections 7. The conclusions are summarized in section 8.
2 Tortoise coordinates: Converting long-range potentials to short-range
potentials
In this section, inspired by general relativity, we introduce tortoise coordinates and show
that a long-range potential can be converted to a short-range potential under the tortoise
coordinate.
In the following, potentials are divided into two types to be considered: potentials
vanishing at r → ∞, which have both scattering states and bound states and potentials
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nonvanishing at r → ∞, which have only bound states. It can be seen that all kinds
of potentials are converted to short-range potentials including potentials which have only
bound states.
2.1 Potentials vanishing at r →∞
There are two kinds of potentials vanishing at r → ∞: the long-range potential, e.g., the
Coulomb potential, and the short-range potential, e.g., the Yukawa potential.
In scattering theory, long-range potential scattering cannot be uniformly treated, be-
cause the large-distance asymptotic behaviors are different for different long-range poten-
tials. On the contrary, a general theory has been established for short-range potential
scattering, because the large-distance asymptotic behaviors for all short-range potentials
are the same. In the following, we convert long-range potential scattering to short-range
potential scattering by introducing tortoise coordinates. This allow us to establish a general
theory for long-range potential scattering.
Theorem 1 For a potential V (r) which vanishes at r → ∞, by introducing the tortoise
coordinate
r∗ = r −
N∑
η=1
ση
∫ r (V (r)
k2
)η
dr, (2.1)
where ση = Γ (η − 1/2) / (2
√
πη!), there must exist a non-negative integer N or N →
∞, so that the radial equation (1.1) with the potential V (r) can be converted to a large-
distance asymptotic radial equation of the potential 2σN+1
(
V (r)
k2
)N
V (r) which is a short-
range potential decreasing faster than 1/r:
d2ul (r∗)
dr2∗
+
[
k2 − l (l + 1)
r2
− 2σN+1
(
V (r)
k2
)N
V (r)
]
ul (r∗) ∼ 0. (2.2)
The large-distance asymptotics of Eq. (2.2) under the tortoise coordinate is
d2ul (r∗)
dr2∗
+ k2ul (r∗) ∼ 0 (2.3)
and the solution of Eq. (2.3) is
ul (r∗) ∼ e±ikr∗. (2.4)
Proof. The radial equation (1.1) with the potential V (r) which vanishes at r →∞ under
the tortoise coordinate (2.1) becomes
d2ul (r∗)
dr2∗
−
∑N
η=1 ηση
(
V (r)
k2
)η V ′(r)
V (r)[
1−∑Nη=1 ση (V (r)k2 )η]2
dul (r∗)
dr∗
+
1[
1−∑Nη=1 ση (V (r)k2 )η]2
[
k2 − l (l + 1)
r2
− V (r)
]
ul (r∗) = 0,
(2.5)
where
dr∗ =

1− N∑
η=1
ση
(
V (r)
k2
)η dr (2.6)
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is used.
At r →∞, the coefficient of dul(r∗)dr∗ vanishes, i.e.
∑N
η=1 ηση
(
V (r)
k2
)η
V ′(r)
V (r)[
1−∑Nη=1 ση (V (r)k2 )η]2
∼ 1
2
V ′ (r)
k2
r→∞∼ 0. (2.7)
Note that V ′ (r) falls off faster than 1r and vanishes at r→∞.
At r →∞, the coefficient of ul (r∗) becomes
1[
1−∑Nη=1 ση (V (r)k2 )η]2
[
k2 − l (l + 1)
r2
− V (r)
]
r→∞∼ k2− l (l + 1)
r2
−2σN+1
(
V (r)
k2
)N
V (r)+· · · .
(2.8)
Clearly, there must exist a value of N so that 2σN+1
(
V (r)
k2
)N
V (r) falls faster than 1/r.
This proves Eq. (2.2).
2.2 Potentials nonvanishing at r→∞
Potentials nonvanishing at r→∞ are long-range distance potentials which has only bound
states. In this section, we show that even potentials which possess only bound states can
also be converted to short-range potentials by introducing the tortoise coordinate.
Theorem 2 For the potential V (r) which does not vanish at r → ∞, by introducing the
tortoise coordinate
r∗ =
1
4k
ln
V (r)
k2
−
N∑
η=0
ση
∫ r ( k2
V (r)
)η−1/2
dr, (2.9)
there must exist a non-negative integer N or N →∞, so that the radial equation (1.1) with
the potential V (r) can be converted to a large-distance asymptotic radial equation of the
potential 12
k2
V (r)
V ′(r)√
V
which is a short-range potential decreasing faster than 1/r:
d2ul (r∗)
dr2∗
+
(
−k2 + 1
2
k2
V (r)
V ′ (r)√
V (r)
)
ul (r∗) ∼ 0. (2.10)
The large-distance asymptotics of Eq. (2.10) under the tortoise coordinate is
d2ul (r∗)
dr2∗
− k2ul (r∗) ∼ 0, (2.11)
and the solution of Eq. (2.11) is
ul (r∗) ∼ e−kr∗. (2.12)
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Proof. The radial equation (1.1) with the potential which does not vanish at r →∞ under
the tortoise coordinate (2.9) becomes
d2ul (r∗)
dr2∗
+
∑N
η=0
(
η − 12
)
ση
(
k2
V (r)
)η−1/2 V ′(r)
V (r) +
1
4k
[
V ′′(r)
V (r) −
(
V ′(r)
V (r)
)2]
[
−∑Nη=0 ση ( k2V (r))η−1/2 + 14k V ′(r)V (r)
]2 dul (r∗)dr∗
+
1[
−∑Nη=0 ση ( k2V (r))η−1/2 + 14k V ′(r)V (r)
]2
[
k2 − l (l + 1)
r2
− V (r)
]
ul (r) = 0,
(2.13)
where
dr∗ =

− N∑
η=0
ση
(
k2
V (r)
)η−1/2
+
1
4k
V ′ (r)
V (r)

 dr (2.14)
is used.
At r →∞, the coefficient of dul(r∗)dr∗ vanishes, i.e.∑N
η=0
(
η − 12
)
ση
(
k2
V (r)
)η−1/2
V ′(r)
V (r) +
1
4k
[
V ′′(r)
V (r) −
(
V ′(r)
V (r)
)2]
[
−∑Nη=0 ση ( k2V (r))η−1/2 + 14k V ′(r)V (r)
]2 r→∞∼ 12
√
k2
V (r)
V ′ (r)
V (r)
∼ 0.
(2.15)
Note that 12
√
k2
V (r)
V ′(r)
V (r) falls off faster than 1/r and then vanishes at r →∞.
At r →∞, the coefficients of ul (r∗) becomes
1(
−∑Nη=0 ση ( k2V (r))η−1/2 + 14k V ′(r)V (r)
)2
[
k2 − l (l + 1)
r2
− V (r)
]
r→∞∼ − k2 + 1
2
k2
V (r)
V ′ (r)√
V (r)
+ 2σN+1
(
k2
V (r)
)N+2
V (r) . (2.16)
Clearly, there must exist a value of N so that 2σN+1
(
k2
V (r)
)N+2
V (r) falls faster than
1
2
k2
V (r)
V ′(r)√
V (r)
and 12
k2
V (r)
V ′(r)√
V (r)
falls faster than 1/r.
It can be seen that the eigenvalue −k2 in Eq. (2.10) is less than zero, since the potential
considered here has only bound states.
3 Classifying potentials in terms of tortoise coordinates
In this section, we suggest a classification scheme for potentials in terms of tortoise coor-
dinates. Essentially, this scheme classifies potentials by the asymptotic behaviors of the
corresponding wave functions. The result given by Eqs. (2.4) and (2.12) shows that under
the tortoise coordinate the asymptotic wave functions are the same. The difference between
asymptotic wave functions is reflected in tortoise coordinates which depend on potentials.
Therefore, the classification of tortoise coordinates classifies potentials.
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3.1 Potentials vanishing at r →∞
In the following, we suggest a classification scheme for potentials in terms of the tortoise
coordinate according to various values of N in the definition of the tortoise coordinate (2.1).
The potentials which vanish at r → ∞ can be classified in three types in terms of the
value of N in the tortoise coordinate (2.1):
1. N = 0. The potential corresponding to N = 0 is a short-range potential satisfying∫ ∞
a
|V (r)| dr <∞, a > 0, (3.1)
i.e., the potential V (r) decreases faster than 1/r at r →∞. In this case, the tortoise
coordinate is just the radial coordinate itself: r∗ = r.
2. N is a positive integer. The potential corresponding to a positive integer N is a
long-range potential satisfying∫ ∞
a
|V (r)| rA−1dr <∞, a > 0, A = 1
N + 1
, (3.2)∫ ∞
b
1
|V (r)| rB+1+ǫdr <∞, b > 0, B =
1
N
, ǫ ∼ 0+, (3.3)
i.e., the potential V (r) decreases faster than 1/r1/(N+1) and slower than or equally to
1/r1/N at r →∞. Different values of N correspond to different long-range potentials
with different potential ranges.
3. N → ∞. The potential corresponding to N → ∞ is another type of long-range
potentials satisfying ∫ ∞
a
|V (r)|
r
dr <∞, a > 0, (3.4)∫ ∞
b
1
|V (r)| r1+ǫ dr <∞, b > 0, ǫ ∼ 0
+. (3.5)
The tortoise coordinate (2.1) in this case becomes
r∗ =
∫ r√
1− V (r)
k2
dr. (3.6)
Under the tortoise coordinate (3.6), the radial equation (1.1) becomes
d2ul (r∗)
dr2∗
+
[
k2 − l (l + 1)
r2
1
1− V (r) /k2
]
ul (r∗) = 0. (3.7)
A special case of the potential corresponding to N = 0 is the negative power potential
1/rα with α > 1; a special case of the potential corresponding to N equalling a finite
positive integer is the negative power potential 1/rα with 0 < α ≤ 1; two special cases
of the potentials corresponding to N → ∞ are the constant potential and the potential
V (r) ∼ 1/ ln r.
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In the following, we prove the above statements.
Proof. First, we write the radial wave function as
ul (r) = e
±ikr∗eh(r). (3.8)
Substituting Eq. (3.8) into the radial equation (1.1) gives an equation of h (r),
h′′ (r) + h′ (r)2 + 2
(
e±ikr∗
)′
e±ikr∗
h′ (r) = −k2 + l (l + 1)
r2
+ V (r)−
(
e±ikr∗
)′′
e±ikr∗
. (3.9)
The asymptotics of Eq. (3.9) at r →∞ is
± 2ikh′ (r) ∼ 2σN+1
(
V (r)
k2
)N
V (r) . (3.10)
Solving this asymptotic equation gives
h (r) ∼ ±σN+1k
i
∫ r (V (r)
k2
)N+1
dr. (3.11)
To satisfy Eq. (2.4), we require that
h (r)
r→∞∼ 0. (3.12)
Eqs. (3.11) and (3.12) require that V (r) decreases faster than 1/r
1
N+1 at r →∞, so∫ ∞
a
|V (r)| r 1N+1−1dr =
∫ c
a
|V (r)| r 1N+1−1dr +
∫ ∞
c
|V (r)| r 1N+1−1dr
≤
∫ c
a
|V (r)| r 1N+1−1dr +
∫ ∞
c
1
r
1
N+1
+δ
r
1
N+1
−1dr
=
∫ c
a
|V (r)| r 1N+1−1dr +
∫ ∞
c
1
r1+δ
dr, (3.13)
where δ > 0. Then we have
∫∞
a |V (r)| rA−1dr < ∞ with a > 0 and A = 1N+1 , since
Eq.(3.13) is finite.
N = 0 gives the condition (3.1), N equaling a nonzero finite integer gives the condition
(3.3), and N →∞ gives the condition (3.5), respectively.
Second, we write the radial wave function as
ul (r) = exp
(
±ik
[
r∗ + σN
∫ r (V (r)
k2
)N
dr
])
eg(r). (3.14)
Substituting Eq. (3.14) into the radial equation (1.1) gives an equation of g (r),
g′′ (r) + g′ (r)2 + 2
{
exp
(
±ik
[
r∗ + σN
∫ r (V (r)
k2
)N
dr
])}′
exp
(
±ik
[
r∗ + σN
∫ r (V (r)
k2
)N
dr
]) g′ (r)
=− k2 + l (l + 1)
r2
+ V (r)−
{
exp
(
±ik
[
r∗ + σN
∫ r (V (r)
k2
)N
dr
])}′′
exp
(
±ik
[
r∗ + σN
∫ r (V (r)
k2
)N
dr
]) . (3.15)
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The asymptotics of Eq. (3.15) at r →∞ reads
± 2ikg′ (r) ∼ 2σN
(
V (r)
k2
)N−1
V (r) . (3.16)
Solving this asymptotic equation gives
g (r) ∼ ±σN
ik
∫ r (V (r)
k2
)N
dr. (3.17)
To satisfy Eq. (2.4), at r →∞, the factor g (r) must contribute, i.e.,
g (r)
r→∞
≁ 0. (3.18)
Eqs. (3.17) and (3.18) require that V (r) must decrease slower than or equally to 1/r1/N
at r →∞, so∫ ∞
b
1
|V (r)| r 1N+1+ǫ
dr =
∫ c
b
1
|V (r)| r 1N+1+ǫ
dr +
∫ ∞
c
1
|V (r)| r 1N+1+ǫ
dr
≤
∫ c
b
1
|V (r)| r 1N+1+ǫ
dr +
∫ ∞
c
1
1
r
1
N
−δ
r
1
N
+1+ǫ
dr
=
∫ c
b
1
|V (r)| r 1N+1+ǫ
dr +
∫ ∞
c
1
r1+ǫ+δ
dr, (3.19)
where δ ≥ 0. Then we have ∫∞b 1|V (r)|rB+1+ǫdr <∞ with b > 0, B = 1/N , and ǫ ∼ 0+, since
Eq.(3.13) is finite.
N equaling a nonzero finite integer gives the condition (3.2) and N → ∞ gives the
condition (3.4), respectively. Especially, for N → ∞, substituting the tortoise coordinate
(3.6) into Eq. (1.1) gives
d2ul (r∗)
dr2∗
− V
′ (r)
2k2
(
1− V (r)
k2
)3/2 dul (r∗)dr∗ +
[
k2 − l (l + 1)
r2
1
1− V (r)
k2
]
ul (r∗) = 0. (3.20)
At r→∞, the coefficient of dul (r∗) /dr∗ falls off faster than 1/r and then vanishes; at the
meantime, (l+1)l
r2(1−V (r)/k2) is a a short-range potential. This proves Eq. (3.7).
3.2 Potentials nonvanishing at r→∞
In the following, as above, we classify the potential by the tortoise coordinate according to
various values of N in the definition of the tortoise coordinate (2.9).
The potentials which does not vanish at r →∞ can be classified in three types in terms
of the value of N in the tortoise coordinate (2.9):
1. N = 0. The potential corresponding to N = 0 satisfies∫ ∞
b
1
|V (r)|rdr <∞, (3.21)
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i.e., the potential V (r) increases faster than r2 at r → ∞. We might call it the
superlong-range potential. The tortoise coordinate (2.1) in this case becomes
r∗ =
1
4k
ln
V (r)
k2
+
∫ r√V (r)
k2
dr. (3.22)
2. N is a positive integer. The potential corresponding to a positive integer N is a
long-range potentials satisfying∫ ∞
b
1
|V (r)|r
A−1dr <∞, b > 0, A = 1
N + 1/2
, (3.23)∫ ∞
a
|V (r)| 1
rB+1+ǫ
dr <∞, a > 0, B = 1
N − 1/2 , ǫ ∼ 0
+, (3.24)
i.e., the potential V (r) increases faster than r1/(N+1/2) and slower than or equally
to r1/(N−1/2) at r → ∞. Different values of N correspond to different long-range
potentials with different potential ranges.
3. N →∞. The potential corresponding to N →∞ satisfies∫ ∞
b
1
|V (r)|r
−1dr <∞, b > 0, (3.25)∫ ∞
a
|V (r)| 1
r1+ǫ
dr <∞, a > 0, ǫ ∼ 0+. (3.26)
The tortoise coordinate (2.9) in this case becomes
r∗ =
1
4k
ln
V (r)
k2
+
∫ r
dr
√
V (r)
k2
√
1− k
2
V (r)
. (3.27)
Under the tortoise coordinate (3.27), the radial equation (1.1) becomes
d2ul (r∗)
dr2∗
+

−k2 − l (l + 1)(
V (r)
k2
− 1
)
r2
+
V ′ (r) /k
2V (r)
k2
√
V (r)
k2
− 1

ul (r∗) = 0. (3.28)
A special case of the potential corresponding to N = 0 is rα with α > 2; a special case
of the potential corresponding to a finite positive integer N is the positive power potential
rα with 0 < α ≤ 2; two special cases of the potential corresponding to N →∞ are constant
potential and the potential V (r) ∼ ln r.
In the following, we prove the above statement.
Proof. First, we write the radial wave function as
ul (r) = e
−kr∗eq(r). (3.29)
Substituting Eq. (3.29) into the radial equation (1.1) gives an equation of q (r),
q′′ (r) + q′ (r)2 + 2
(
e−kr∗
)′
e−kr∗
q′ (r) = −k2 + l (l + 1)
r2
+ V (r)−
(
e−kr∗
)′′
e−kr∗
. (3.30)
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The asymptotics of Eq. (3.30) at r →∞ is
2
√
V (r)q′ (r) ∼ −2σN+1
(
k2
V (r)
)N+1
V (r) . (3.31)
Solving this asymptotic equation gives
q (r) ∼ −kσN+1
∫ r ( k2
V (r)
)N+1/2
dr. (3.32)
To satisfy Eq. (2.12), we require that
q (r)
r→∞∼ 0. (3.33)
Eqs. (3.32) and (3.33) require that V (r) increases faster than r
1
N+1/2 , so∫ ∞
b
1
|V (r)|r
1
N+1/2
−1
dr =
∫ c
b
1
|V (r)|r
1
N+1/2
−1
dr +
∫ ∞
c
1
|V (r)|r
1
N+1/2
−1
dr
≤
∫ c
b
1
|V (r)|r
1
N+1/2
−1
dr +
∫ ∞
c
1
r
1
N+1/2
+δ
r
1
N+1/2
−1
dr
=
∫ c
b
1
|V (r)|r
1
N+1/2
−1
dr +
∫ ∞
c
1
r1+δ
dr, (3.34)
where δ > 0. Then we have
∫∞
b
1
|V (r)|r
A−1dr < ∞ with b > 0 and A = 1N+1/2 , since
Eq.(3.34) is finite.
N = 0 gives the condition (3.21); N equaling a nonzero finite positive integer gives the
condition (3.23); N →∞ gives the condition (3.25), respectively.
Second, we write the radial wave function as
ul (r) = exp
(
−kr∗ + kσN
∫ r ( k2
V (r)
)N−1/2
dr
)
ep(r). (3.35)
Substituting Eq. (3.35) into the radial equation Eq. (1.1) gives an equation of p (r),
p′′ (r) + p′ (r)2 + 2
[
exp
(
−kr∗ + kσN
∫ r ( k2
V (r)
)N−1/2
dr
)]′
exp
(
−kr∗ + kσN
∫ r ( k2
V (r)
)N−1/2
dr
) p′ (r)
=− k2 + l (l + 1)
r2
+ V (r)−
[
exp
(
−kr∗ + kσN
∫ r ( k2
V (r)
)N−1/2
dr
)]′′
exp
(
−kr∗ + kσN
∫ r ( k2
V (r)
)N−1/2
dr
) . (3.36)
The asymptotics of Eq. (3.36) at r →∞ is
2
√
V (r)p′ (r) ∼ −2σN
(
k2
V (r)
)N
V (r) . (3.37)
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Solving this asymptotic equation gives
p (r) ∼ −kσN
∫ r ( k2
V (r)
)N−1/2
dr. (3.38)
To satisfy Eq. (2.12), the factor p (r) must contribute at r →∞, i.e.,
p (r)
r→∞
≁ 0. (3.39)
Eqs. (3.38) and (3.39) require that V (r) must increase slower than or equally to r1/(N−1/2)
when r→∞, so∫ ∞
a
|V (r)| 1
r
1
N−1/2
+1+ǫ
dr =
∫ c
a
|V (r)| 1
r
1
N−1/2
+1+ǫ
dr +
∫ ∞
c
|V (r)| 1
r
1
N−1/2
+1+ǫ
dr
≤
∫ c
a
|V (r)| 1
r
1
N−1/2
+1+ǫ
dr +
∫ ∞
c
r
1
N−1/2
−δ 1
r
1
N−1/2
+1+ǫ
dr
=
∫ c
a
|V (r)| 1
r
1
N−1/2
+1+ǫ
dr +
∫ ∞
c
1
r1+ǫ+δ
dr, (3.40)
where δ ≥ 0. Then we have ∫∞a |V (r)| 1rB+1+ǫ dr <∞ with a > 0, B = 1N−1/2 , and ǫ ∼ 0+,
since Eq.(3.40) is finite.
N equaling a nonzero finite integer gives the condition (3.24) and N → ∞ gives the
condition (3.26), respectively. Especially, for N →∞, substituting the tortoise coordinate
(3.27) into Eq. (1.1) gives
d2ul (r∗)
dr2∗
+
1
4k
[
V ′′(r)
V (r) −
(
V ′(r)
V (r)
)2]
+ V
′(r)
2k2
√
V (r)
k2
−1(
V ′(r)
4kV (r) +
√
V (r)
k2
− 1
)2 dul (r∗)dr∗
+
1(
V ′(r)
4kV (r) +
√
V (r)
k2
− 1
)2
[
k2 − l (l + 1)
r2
− V (r)
]
ul (r∗) = 0. (3.41)
At r →∞, the coefficient of dul (r∗) /dr∗ falls off faster than 1/r and then vanishes. At the
meantime,
1(
V ′(r)
4kV (r) +
√
V (r)
k2
− 1
)2
[
k2 − l (l + 1)
r2
− V (r)
]
∼ −k2− l (l + 1)(
V (r)
k2
− 1
)
r2
+
V ′ (r) /k
2V (r)k2
√
V (r)
k2 − 1
.
(3.42)
Clearly, l(l+1)(
V (r)
k2
−1
)
r2
− V ′(r)/k
2V (r)
k2
√
V (r)
k2
−1
is a short-range potential. This proves Eq. (3.28).
4 A uniform expression of scattering wave functions for long-range po-
tential scattering
In scattering theory, a general theory is established for short-range potential scattering, in
which a uniform expression of a scattering wave function is given and all the information of
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scattering is embodied in a scattering phase shift [1, 34, 35]. Nevertheless, there is no such a
general treatment for long-range potential scattering. The reason is that the large-distance
behaviors for short-range potential scattering are the same, but for long-range potential
scattering are different.
In the above we show that by introducing tortoise coordinates, long-range potential
scattering can be converted to short-range potential scattering. This allows us to develop
a general theory for long-range potential scattering just like that for short-range potential
scattering. After converting long-range potential scattering to short-range potential scat-
tering, we can also give a uniform expression of a scattering wave function under tortoise
coordinates and describe long-range-potential scattering by a phase shift. The difference be-
tween large-distance asymptotic wave functions of different potentials is reflected in tortoise
coordinates.
Potentials vanishing at r → ∞, which are discussed in section 2.1, can have scatter-
ing states. In the following we show that the scattering wave function can be uniformly
expressed in terms of tortoise coordinates for both long-range potential scattering and
short-range potential scattering.
The radial equation with a potential satisfying the conditions (3.2) and (3.3) has two
linear independent solutions, Fl (r) and Gl (r) which satisfy the condition (2.4). The large-
distance asymptotic wave function can be then expressed as
ul (r) = ClFl (r∗) +DlGl (r∗)
r→∞∼ Cle−i[kr∗−(l+1)π/2] +Dlei[kr∗−(l+1)π/2]. (4.1)
By introducing the phase shift
e2iδl =
Dl
Cl
, (4.2)
the large-distance asymptotic scattering wave function can be then written as
ul (r)
r→∞∼ Al sin
(
kr∗ − lπ
2
+ δl
)
. (4.3)
Comparing with short-range potential scattering in which ul (r)
r→∞∼ Al sin
(
kr − lπ2 + δl
)
,
we can see that the asymptotic scattering wave function for long-range potential scatter-
ing is just to replace coordinate r with the tortoise coordinate r∗ in the asymptotic wave
function of short-range potential scattering.
5 Alternative expressions of tortoise coordinates
In this section, we give another expression of tortoise coordinates (2.1) and (2.9) in terms
of the Gauss hypergeometric function.
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5.1 The tortoise coordinate for potentials vanishing at r →∞
Theorem 3 For potentials vanishing at r → ∞, the tortoise coordinate (2.1) can be ex-
pressed as
r∗ =
∫ r
dr
√
1− V (r)
k2
+
Γ (N + 1/2)
2
√
πΓ (N + 2)
∫ r
dr 2F1
(
1, N + 1/2
N + 2
;
V (r)
k2
)(
V (r)
k2
)N+1
.
(5.1)
Here 2F1
(
a, b
c
; z
)
=
∑∞
η=0
Γ(a+η)Γ(b+η)Γ(c)
Γ(a)Γ(b)Γ(c+η)η! z
η is the Gauss hypergeometric function
[36].
Proof. Expand
√
1− V (r)
k2
as√
1− V (r)
k2
=
∞∑
η=0
(−1)η
√
π
2Γ (3/2− η) Γ (η + 1)
(
V (r)
k2
)η
=
N∑
η=0
(−1)η
√
π
2Γ (3/2− η) η!
(
V (r)
k2
)η
+
∞∑
η=0
(−1)η+N+1
√
π
2Γ (1/2− η −N) Γ (η +N + 2)
(
V (r)
k2
)η+N+1
. (5.2)
Eq. (5.2) can be rewritten as√
1− V (r)
k2
= −
N∑
η=0
Γ (η − 1/2)
2
√
πη!
(
V (r)
k2
)η
− Γ (N + 1/2)
2
√
πΓ (N + 2)
(
V (r)
k2
)N+1 ∞∑
η=0
Γ (1 + η) Γ (N + 1/2 + η) Γ (N + 2)
Γ (N + 1/2) Γ (η +N + 2) η!
(
V (r)
k2
)η
(5.3)
by use of the reflection formula of the gamma, Γ (−z) Γ (z + 1) = − πsin(πz) . Comparing with
the Gauss hypergeometric function gives√
1− V (r)
k2
= −
N∑
η=0
Γ (η − 1/2)
2
√
πη!
(
V (r)
k2
)η
− Γ (N + 1/2)
2
√
πΓ (N + 2)
(
V (r)
k2
)N+1
2F1
(
1, N + 1/2
N + 2
;
V (r)
k2
)
.
(5.4)
This proves Eq. (5.1).
5.2 The tortoise coordinate for potentials nonvanishing at r →∞
Theorem 4 For potentials nonvanishing at r → ∞, the tortoise coordinate (2.9) can be
expressed as
r∗ =
1
4k
ln
V (r)
k2
+
∫ r
dr
√
V (r)
k2
√
1− k
2
V (r)
+
Γ (N + 1/2)
2
√
πΓ (N + 2)
∫ r
dr 2F1
(
1, N + 1/2
N + 2
;
k2
V (r)
)(
k2
V (r)
)N+1/2
. (5.5)
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The proof is similar to the proof of Eq. (5.1).
Notice that corresponding toN →∞, the constant potential is a special case of both the
above two kinds of potentials, potentials vanishing at r →∞ corresponding to the tortoise
coordinate (2.1) and nonvanishing at r →∞ corresponding to the tortoise coordinate (2.9).
6 Dualities between tortoise coordinates and asymptotic wave functions
There is a duality relation between mechanical systems. This duality is first revealed
by Newton for power potentials in classical mechanics in his Principia (Corollary III of
Proposition VII) [6–9]. The duality also exists in many kinds of potentials, such as the
general polynomial potential and the transcendental function potential [37]. In this section,
taking the general polynomial potential as an example, we show that if two potentials are
Newtonianly dual to each other, their tortoise coordinates are related by the duality relation.
6.1 A brief review of the Newton duality
We first give here a brief review for the Newton duality of two general polynomial potentials
which is a linear combination of power potentials with arbitrary real number powers [37].
Two general polynomial potentials
V (r) = ξra+1 +
∑
n
µnr
bn+1 and U (ρ) = ηρA+1 +
∑
n
λnρ
Bn+1 (6.1)
are Newtonianly dual to each other, if
a+ 3
2
=
2
A+ 3
and
√
2
a+ 3
(bn + 3) =
√
2
A+ 3
(Bn + 3) . (6.2)
Their coordinates are related by the transformation
r → ρ(A+3)/2 or r(a+3)/2 → ρ, (6.3)
and their eigenfunctions are related by the transformation
u (r)→ ρ(A+1)/4v (ρ) or r(a+1)/4u (r)→ v (ρ) . (6.4)
6.2 The Newton duality between tortoise coordinates
In the following, we show that if two potentials are Newtonianly dual to each other, their
tortoise coordinates are also related by the duality relation.
Theorem 5 Two general polynomial potential
V (r) =
ξ
ra
+
∑
bn
µn
rbn
, a < bn, (6.5)
U (ρ) = ζρA +
∑
Bn
λnρ
Bn , (6.6)
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are Newtonianly dual to each other if
2− a
2
=
2
2 +A
, (6.7)√
2
2− a (2− bn) =
√
2
2 +A
(2 +Bn) . (6.8)
If the tortoise coordinate of V (r) is given by Eq. (2.1), then the tortoise coordinate of its
dual potential U (ρ) given is given by Eq. (2.9) with the same value of N .
Proof. As the first step, we prove that when ρ→∞ the duality of the leading contribution
of the potential U (ρ) is just the leading contribution of the potential V (r). In other words,
we will show that if the term ζρA in the potential U (ρ) is the duality of the leading term
ξ
ra in the potential V (r), then the term ζρ
A is the leading term in the potential U (ρ), i.e.,
A > Bn.
According to Eqs. (6.7) and (6.8), the duality of ζρA is ξra . By the duality relation
(6.7), we can see that A satisfies the inequality
0 < A ≤ 2, (6.9)
since for long-range general polynomial potentials 0 < a ≤ 1. Furthermore, it can be
checked from the duality relations (6.7) and (6.8) that
Bn < A, (6.10)
since A = 2a2−a and Bn =
2a−2bn
2−a . That is, ζρ
A is the leading contribution of the potential
U (ρ), i.e., U (ρ)
ρ→∞∼ ρA.
As the second step, we prove that the duality of the asymptotic radial wave function
of V (r) is the asymptotic radial wave function of U (ρ).
First, starting from Eqs. (6.7) and (6.8), we directly see that if the potential V (r)
decreases faster than 1/r
1
N+1 and slower than or equally to 1/r
1
N at r → ∞, then its
duality U (ρ) increases faster than ρ
1
N+1/2 and slower than or equally to ρ
1
N−1/2 , i.e., the
potential U (ρ) satisfies the conditions (3.23) and (3.24).
For the potential V (r)
r→∞∼ ξra with
1
N + 1
< a ≤ 1
N
(6.11)
and N a positive integer, by the duality relation (6.7), its duality U (ρ)
ρ→∞∼ ρA must satisfy
A =
a
1− a/2 . (6.12)
Substituting Eq. (6.12) into Eq. (6.11) gives
1
N + 1/2
< A ≤ 1
N − 1/2 . (6.13)
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That is, the potential U (ρ) satisfies the conditions (3.23) and (3.24), i.e., U (ρ) increases
faster than r
1
N+1/2 and slower than or equally to r
1
N−1/2 at infinity. Consequently, the large-
distance asymptotics of the radial wave function of the potential U (ρ) is given by Eqs.
(2.9) and (2.12).
Second, we show that the tortoise coordinate and the large-distance asymptotic radial
wave function of the potential U (ρ) can be obtained from those of the potential V (r) by
performing the duality transform.
Because the potential V (r) decreases slower than or equally to 1/r
1
N and faster than
1/r
1
N+1 at infinity, by Eqs. (2.1) and (2.4), we can obtain the asymptotic radial wave
function of V (r) ∼ ξra at r→∞:
ul (r)
r→∞∼ exp

±ik

r − N∑
η=1
σN
k2η
∫ r ( ξ
ra
)η
dr



 . (6.14)
For potentials (6.5) and (6.6), the duality relations (??)-(6.4) become
r → ρ(A+2)/2, (6.15)
ul (r)→ ρA/4vl (ρ) (6.16)
and
k2 → −ζ
(
2
A+ 2
)2
, (6.17)
ξ → −κ2
(
2
A+ 2
)2
. (6.18)
Substituting the duality relations (6.15)-(6.18) into the large-distance asymptotic wave
function of the potential V (r), Eq. (6.14), gives the asymptotic wave function of the
potential U (ρ):
vl (ρ)
ρ→∞∼ exp

− 1
4k
ln
U (ρ)
k2
∓ κ

∫ r√U (ρ)
κ2
dρ−
N∑
η=1
σN
∫ r ( κ2
U (ρ)
)η−1/2
dρ



 .
(6.19)
For V (r) ∼ rβ (β > 0), the wave function must vanish at r →∞, so
vl (ρ)
ρ→∞∼ exp

− 1
4k
ln
U (ρ)
k2
+
N∑
η=0
σN
∫ r ( κ2
U (ρ)
)η−1/2
dρ

 . (6.20)
This result agrees with the result given by Eqs. (2.9) and (2.12).
Notice that this result still holds for the cases of N = 0 and N → ∞ in sections
(3.1) and (3.2). Concretely, if the potential V (r) satisfies the condition (3.1), i.e., V (r)
decreases faster than 1/r, then its dual potential U (ρ) must satisfy the condition (3.21),
i.e., the potential U (ρ) increases faster than ρ2. If the potential V (r) satisfy the conditions
(3.4) and (3.5), then its dual potential U (ρ) must satisfy the conditions (3.25) and (3.26).
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7 Examples: Scattering states, bound states, and dualities
7.1 The Coulomb potential and the harmonic-oscillator potential
As an example, we first consider two familiar long-range potentials: the Coulomb potential
which falls off as 1/r and the harmonic-oscillator potential which rises up as r2.
7.1.1 The Coulomb potential
The Coulomb potential
V (r) =
α
r
(7.1)
corresponds to N = 1 in the conditions (3.2) and (3.3). Then by Eq. (2.1), we obtain the
tortoise coordinate for the Coulomb potential:
r∗ = r − α
2k2
ln r. (7.2)
Substituting the tortoise coordinate (7.2) into the large-distance asymptotics (2.4) gives the
large-distance asymptotic wave function of the Coulomb potential
ul (r∗)
r→∞∼ e±ikr∗ = exp
(
±i
(
kr − α
2k
ln r
))
. (7.3)
This result can also be checked by the exact solution of the Coulomb potential,
ul (r) = Miα/(2k),l+1/2 (2ikr) , (7.4)
where Mµ,ν (z) is the Whittaker hypergeometric function. The large-distance asymptotics
of the radial solution Eq. (7.4) is
ul (r)
r→∞∼ Alil+1Γ (2l + 2)
[
(−i)l+1 (2ik)− iα2k
Γ
(
l − iα2k + 1
) exp(i(kr − α
2k
ln r
))
+
il+1 (−2ik) iα2k
Γ
(
l + iα2k + 1
) exp(−i(kr − α
2k
ln r
))]
. (7.5)
This agrees with the large-distance asymptotics given by the tortoise coordinate, Eq. (7.3).
Under the tortoise coordinate (7.2), the long-range Coulomb potential is converted to
a short-range potential. Then by Eqs. (4.3) and (7.2), the scattering wave function can be
represented by a scattering phase shift:
ul (r)
r→∞∼ Al sin
(
kr∗ − lπ
2
+ δl
)
= Al sin
(
kr − α
2k
ln r − lπ
2
+ δl
)
, (7.6)
where the phase shift δl = Γ
(
l + 1 + iα2k
)
/Γ
(
l + 1− iα2k
)
is the scattering phase shift of the
Coulomb potential [38].
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7.1.2 The harmonic-oscillator potential
The harmonic-oscillator potential
V (r) = ω2r2 (7.7)
corresponds to N = 1 in the conditions (3.23) and (3.24). Then by Eq. (2.9), we obtain
the tortoise coordinate for the harmonic-oscillator potential:
r∗ =
1
2k
ωr2 − k
2ω
ln r +
1
2k
lnωr. (7.8)
Substituting the tortoise coordinate (7.8) into the large-distance asymptotics (2.12) gives
the large-distance asymptotic wave function of the harmonic-oscillator potential:
ul (r∗)
r→∞∼ e−kr∗
= exp
(
−
(
ω
2
r2 − k
2
2ω
ln r +
1
2
lnωr
))
. (7.9)
This result can also be checked by the exact solution of the harmonic-oscillator poten-
tial,
ul (r) =
1√
r
M−k2/(4ω),(2l+1)/4
(
ωr2
)
. (7.10)
The large-distance asymptotics of the radial solution (7.10) is
ul (r)
r→∞∼ Alω
k2
4ω
+ 1
4
+ l
2 exp
(
−ω
2
r2 +
k2
2ω
ln r − 1
2
lnωr
)
. (7.11)
This agrees with the large-distance asymptotics given by the tortoise coordinate, Eq. (7.9).
7.1.3 The duality
According to the conditions (3.2) and (3.3), the Coulomb potential V (r) = α/r corresponds
to the tortoise coordinate with N = 1. By Eq. 6.7, the harmonic-oscillator potential V (r) =
ω2r2, the dual potential of the Coulomb potential, corresponds to A = 2. Then, by Eqs.
(6.7) and (6.8), we can see that the harmonic-oscillator potential satisfies the conditions
(3.23) and (3.24) and also corresponds to the tortoise coordinate with N = 1 which is the
same as the Coulomb potential. Consequently, we arrive at the tortoise coordinate (7.8) and
the large-distance asymptotic radial wave function (7.9) of the harmonic-oscillator potential.
7.2 The 1/
√
r-potential and the r2/3-potential
7.2.1 The 1/
√
r-potential
The 1/
√
r-potential
V (r) =
ξ√
r
(7.12)
corresponds to N = 2 in the conditions (3.2) and (3.3). The tortoise coordinate of the
1/
√
r-potential can be obtained by Eq. (2.1):
r∗ = r − ξ
k2
√
r − ξ
2
8k4
ln r. (7.13)
– 20 –
The large-distance asymptotic radial wave function of the 1/
√
r-potential can be obtained
by substituting the tortoise coordinate (7.13) into Eq. (2.4):
ul (r∗)
r→∞∼ e±ikr∗
= exp
(
±i
(
kr − ξ
k
√
r − ξ
2
8k3
ln r
))
. (7.14)
To check this result, we calculate the large-distance asymptotes of the radial wave
function from the exact solution [39]
ul (r) = Al (−2ikr)l+1N
(
4l + 2,− 2ξ√
2ik3
,− ξ
2
2ik3
, 0,
√
−2ikr
)
exp
(
i
(
kr − ξ
k
√
r
))
,
(7.15)
where N(α, β, γ, δ, z) is the biconfluent Heun function [39–41]. The large-distance asymp-
totics of the exact solution (7.15) at r →∞ is [39]
ul (r)
r→∞∼ AlK1
(
4l + 2,− 2ξ√
2ik3
,− ξ
2
2ik3
, 0
)
(−2ik)−iα2/(8k3) exp
(
i
(
kr − ξ
k
√
r − ξ
2
8k3
ln r
))
+AlK2
(
4l + 2,− 2ξ√
2ik3
,− ξ
2
2ik3
, 0
)
(−2ik)iα2/(8k3) exp
(
−i
(
kr − ξ
k
√
r − ξ
2
8k3
ln r
))
,
(7.16)
where K1
(
4l + 2,− 2ξ√
2ik3
,− ξ2
2ik3
, 0
)
and K2
(
4l + 2,− 2ξ√
2ik3
,− ξ2
2ik3
, 0
)
are linear combina-
tion coefficients. This agrees with the result obtained in virtue of the tortoise coordinate,
Eq. (7.14).
Under the tortoise coordinate (7.13), the long-range 1/
√
r-potential is converted to a
short-range potential. Then by Eqs. (4.3) and (7.13), the scattering wave function can be
represented by a scattering phase shift:
ul (r)
r→∞∼ Al sin
(
kr∗ − lπ
2
+ δl
)
= Al sin
(
kr − ξ
k
√
r − ξ
2
8k3
ln r − l
2
π + δl
)
, (7.17)
where δl = − argK2
(
4l + 2, 2ξ√
2ik3
, ξ
2
2ik3 , 0
)
is the scattering phase shift of the 1/
√
r-potential
potential, where the definition of K2 (α, β, γ, z) can be found in Ref. [39].
7.2.2 The r2/3-potential
The dual potential of the 1/
√
r-potential
V (r) = ζr2/3 (7.18)
corresponds to N = 2 in the conditions (3.23) and (3.24). The tortoise coordinate of the
r2/3-potential can be obtained by Eq. (2.9):
r∗ =
3ζ1/2
4k
r4/3 − 3k
4ζ1/2
r2/3 − k
3
8ζ3/2
ln r +
1
4k
ln
(
ζr2/3
)
. (7.19)
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The large-distance radial wave function of the r2/3-potential can be obtained by substituting
the tortoise coordinate (7.19) into Eq. (2.12):
ul (r∗)
r→∞∼ e−kr∗
= exp
(
−
(
3ζ1/2
4
r4/3 − 3k
2
4ζ1/2
r2/3 − k
4
8ζ3/2
ln r +
1
4
ln
(
ζr2/3
)))
. (7.20)
To check the above result, we calculate the large-distance asymptotics of the radial
wave function from the exact solution [37]
ul (r) = Al exp
(
−3
4
ζ1/2r4/3 +
3k2
4ζ1/2
r2/3
)(√
6
2
ζ1/4
)3(l+1)/2
rl+1
×N
(
3l +
3
2
,−
√
6k2
2ζ3/4
,
3k4
8ζ3/2
, 0,
√
6
2
ζ1/4r2/3
)
. (7.21)
The large-distance asymptotics of the exact solution (7.21) at r →∞ is [39]
ul (r)
r→∞∼ exp
(
−3
4
ζ1/2r4/3 +
3k2
4ζ1/2
r2/3 +
k4
8ζ3/2
ln r +
1
6
ln r
)
.
This agrees with the result obtained in virtue of the tortoise coordinate, Eq. (7.20).
7.2.3 The duality
According to the conditions (3.2) and (3.3), the 1/
√
r-potential V (r) = ξ/
√
r corresponds
to the tortoise coordinate with N = 2. By Eq. 6.7, the r2/3-potential V (r) = ζr2/3, the
dual potential of the 1/
√
r-potential, corresponds to A = 2/3. Then, by Eqs. (6.7) and
(6.8), we can see that the r2/3-potential satisfies the conditions (3.23) and (3.24) and also
corresponds to the tortoise coordinate with N = 2 which is the same as the 1/
√
r-potential.
Consequently, we arrive at the tortoise coordinate (7.19) and the large-distance asymptotic
radial wave function (7.20) of the r2/3-potential.
7.3 The 1/r3/2-potential and the r6-potential
7.3.1 The 1/r3/2-potential
The tortoise coordinate of the 1/r3/2-potential
V (r) =
ξ
r3/2
(7.22)
by Eq. (2.1) is
r∗ = r, (7.23)
i.e., the tortoise coordinate of the 1/r3/2-potential is the radial coordinate r itself. This
means that the 1/r3/2-potential is in fact a short-range potential. Then the large-distance
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asymptotic radial wave function of the 1/r3/2-potential is just the large-distance asymptotic
radial wave function of all short-range potentials:
ul (r∗)
r→∞∼ e±ikr∗
= e±ikr. (7.24)
The large-distance asymptotic radial wave function of the 1/r3/2-potential can be ob-
tained from the exact solution [37]
ul (r) = Ale
ikr (−2ikr)l+1N
(
4l + 2, 0, 0,− 8ξ√−2ik ,−
√
−2ikr
)
. (7.25)
The large-distance asymptotics of the exact solution (7.25) at r →∞ is
ul (r)
r→∞∼ AlK1
(
4l + 2, 0, 0,− 8ξ√−2ik
)
eikr+AlK2
(
4l + 2, 0, 0,− 8ξ√−2ik
)
e−ikr. (7.26)
This agrees with the result given by the tortoise coordinate, Eq. (7.24).
The 1/r3/2-potential is indeed a short-range potential. By Eqs. (4.3) and (7.23), the
scattering wave function can be represented by a scattering phase shift:
ul (r)
r→∞∼ Al sin
(
kr∗ − lπ
2
+ δl
)
= Al sin
(
kr − lπ
2
+ δl
)
, (7.27)
where δl = − argK2
(
4l + 2, 0, 0, 8ξ√−2ik
)
is the scattering phase shift of the 1/r3/2-potential.
7.3.2 The r6-potential
The 1/r3/2-potential and the r6-potential are Newtonianly dual to each other [37]. The
r6-potential
V (r) = ζr6 (7.28)
has only bound states. The tortoise coordinate of the r6-potential by Eq. (2.1) reads
r∗ =
1
4k
ζ1/2r4 +
1
4k
ln
(
ζr6
)
. (7.29)
The large-distance asymptotic radial wave function of the r6-potential can be obtained by
substituting the tortoise coordinate (7.29) into Eq. (2.12):
ul (r∗)
r→∞∼ e−kr∗
= exp
(
−1
4
ζ1/2r4 − 1
4
ln
(
ζr6
))
. (7.30)
To check the above result, we calculate the large-distance asymptotic radial wave func-
tion from the exact solution of the r6-potential [37]
ul (r) = Al
(
ζ1/2
2
)(l+1)/4
exp
(
−1
4
ζ1/2r4
)
rl+1N
(
l +
1
2
, 0, 0,
k2√
2ζ1/4
,
1√
2
ζ1/4r2
)
.
(7.31)
– 23 –
The large-distance asymptotics of the exact solution (7.31) at r →∞ is [39]
ul (r)
r→∞∼ Al exp
(
−1
4
ζ1/2r4 − 3
2
ln r
)
. (7.32)
This agrees with the result given by the tortoise coordinate, Eq. (7.30).
7.3.3 The duality
According to the conditions (3.2) and (3.3), the 1/r3/2-potential V (r) = ξ/r3/2 corresponds
to the tortoise coordinate with N = 0. By Eq. 6.7, the r6-potential V (r) = ζr6, the dual
potential of the 1/r3/2-potential, corresponds to A = 6. Then, by Eqs. (6.7) and (6.8), we
can see that the r6-potential satisfies the conditions (3.23) and (3.24) and also corresponds to
the tortoise coordinate with N = 0 which is the same as the 1/r3/2-potential. Consequently,
we arrive at the tortoise coordinate (7.29) and the large-distance asymptotic radial wave
function (7.30) of the r6-potential.
8 Conclusion
Inspired by general relativity, we suggest a general treatment for long-range potential scat-
tering by introducing tortoise coordinates. While in common scattering theory, only the
short-range potential can be treated generally.
The key treatment in our scheme is to introduce the tortoise coordinate. The tortoise
coordinate in general relativity is introduced to convert a curved spacetime to a partially
conformally flat spacetime. In our scheme, the tortoise coordinate is introduced to convert
a long-range potential to a short-range potential.
Starting from the tortoise coordinate, we suggest a classification scheme for potentials.
Newton and Euler classify functions in virtue of their asymptotics [5]. The asymptotic
behavior of wave functions is reflected in the tortoise coordinate. In the paper, we classify
potentials by the corresponding tortoise coordinates.
This classification scheme is indeed a classification of the Schrödinger operator. The
Schrödinger operator is one of the Laplacian type operator which consists of a Laplacian
operator and a potential function. Replacing the Laplacian operator with the Laplace-
Beltrami operator, a Laplacian operator in curved space, we can use a similar approach to
classify spacetime manifolds on which the Laplace-Beltrami operator is defined.
Moreover, we also find that the tortoise coordinates and then the large-distance asymp-
totic behaviors of two Newtonian dual potentials are related by the duality relation. Some
examples are provided.
By tortoise coordinates, a problem of long-range potentials is converted to a problem
of short-range potentials. A short-range potential scattering can be fully described by the
scattering phase shift [4, 29]. This inspires us to describe long-range scattering in virtue
of the tortoise coordinate by a phase shift. Therefore, the method for the calculation of
scattering phase shifts for short-range potential scattering can be then applied to long-range
potential scattering.
– 24 –
Furthermore, the method suggested in the present paper can also be applied to scat-
tering in curved space.
We will also consider the application of the tortoise coordinate in gauge field theory.
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